The normalized antecedent precipitation index (NAPI) model by Heggen for the prediction of runoff yield is analytically derived from the water balance equation. Heggen's model has been simplified further to a rational form and its performance verified with the Soil Conservation Service Curve Number (SCS-CN) model. The simplified model has three coefficients specific to a watershed, and requires two inputs: rainfall and the derived parameter, NAPI. The characteristic behaviour of the NAPI has resonance with the curve number (CN) of the SCS model. The proposed NAPI model was applied to three watersheds in the semi-arid region of India to simulate runoff yield. The model showed improved correlation between the observed and predicted runoff data compared to the SCS-CN model. The F test and paired t test also confirmed the reliability of the model with significance levels of 0.01 and 0.001%, respectively. The proposed model could be used successfully for rainfallrunoff modelling in a watershed.
INTRODUCTION
The antecedent precipitation index (API) is often used for the estimation of runoff yields from rainfall events on those watersheds whose auxiliary data are limited, or not available. The growing use worldwide of the API instead of the artificial neural network (ANN) model (Descroix et al., 2002; Dawson & Abrahart, 2007) suggests the involvement of subjectivity in the determination of the API to represent physical conditions, and thus demands an improved and more descriptive API model. Antecedent precipitation is precipitation falling before, but influencing the runoff yields of, a given rainfall event. An API gives a measure of soil moisture index. It thus often remains a subjectively determined and arbitrarily implemented parameter in rainfall-runoff modelling (Heggen, 2001) . To overcome these paradoxes, Heggen (2001) proposed the use of a normalized antecedent precipitation index (NAPI) in place of the API, because the NAPI modifies the API in three aspects: inclusion of antecedent precipitation earlier in the day of the event, normalization in terms of the station mean, and normalization in terms of antecedent series length. Based on this concept, Heggen (2001) proposed a lumped model to estimate runoff, linking the NAPI and event rainfall as follows:
where Q is the runoff from event rainfall depth, P; and a [-] , b [L -1 ] and c [-] are coefficients specific to a watershed.
This study presents physical and analytical descriptions of Heggen's NAPI model (equation (1)), which originates from the water balance equation, and suggests a simplified rational form of the model; its applicability is investigated through case studies.
ANTECEDENT PRECIPITATION INDEX (API)
The API is an index of moisture stored within a drainage basin before a storm. It is a weighted summation of daily precipitation amounts, used as an index of soil moisture. Koehler & Linsley, (1951) defined API as: where i is the considered number of antecedent days, k is the decay constant; and P t is the rainfall during day t [L] . Equation (2) is also known as the "retained rainfall" model (Singh, 1989) . The value of i is usually taken as 5, 7 or 14 days (Garg, 1987; Viessman & Lewis, 1996) . The value of k ranges between 0.80 and 0.98 (Viessman & Lewis, 1996) .
By employing the API for event-based rainfall, a number of investigators (Sittner et al., 1969; Garg, 1987; Rose, 1998; Descroix et al., 2002) simulated runoff yields and streamflow. Several investigators (e.g. Dawson & Abrahart, 2007) reported improved results of runoff and streamflow estimation by using the ANN model structured with API. As the API is a simple number derived from rainfall depth, it lacks regional meaning. Xia et al. (1997) suggested that the API can enhance the efficiency of a nonlinear forecasting model by the level of analytical sophistication.
NORMALIZED ANTECEDENT PRECIPITATION INDEX (NAPI)
The NAPI as suggested by Heggen (2001) is defined as a ratio of the API on the day, but before the storm, to the product of the average daily precipitation and the weighted sum due to decay constant on the respective day. Mathematically, it has been defined as (Heggen, 2001): where is the average rainfall for antecedent days (the other terms have been defined previously). It is clearly evident from equation (3) that extending the API up to the day of rainfall, but before the event, and normalizing it by two operators: average rainfall and a weighted sum of decay constant, defines a new index, whose characteristic behaviour in conjunction with equation (1) was studied by Heggen (2001) .
ANALYTICAL DERIVATION
The water balance equation relating runoff, rainfall and total losses due to infiltration and initial abstraction can be expressed as:
where Q is the runoff [L] ; P is the rainfall [L] ; and L is the total loss = I a + F; I a is the initial abstraction; and F is the cumulative infiltration excluding I a . Equation (4) can be written as:
Equation (5) suggests that the ratio of Q/P is equal to the excess of the ratio of L/P. It also indicates that for Q/P to increase with increasing P, L/P has to be decreased to satisfy the condition (Q/P) + (L/P) = 1. This means the slope of the graph of Q/P vs P Q P a b P+c
will be positive, and that of L/P vs P will be negative. If losses from a rainfall event exist till the event ends, then a derivative of L/P with respect to that rainfall event, P, will also exist, and is assumed to follow a linear hypothesis, as shown below:
], and L/P is a dimensionless quantity.
Let (L/P) = z, then integrating equation (6) yields:
The integration constant in equation (7) describes the boundary value of z prior to the occurrence of the rainfall event, which is to be derived from the soil moisture condition, i.e. from the API.
Let E be an index of losses in the soil moisture. The status of E prior to the rainfall event shall be governed by the antecedent soil moisture condition (AMC), and, in turn, by the API. Assuming that the derivative of E with respect to the API follows a linear hypothesis, one obtains:
where a is an integration constant [-] . The value of a is watershed-specific, and shall be the minimum threshold value of E for that watershed.
From equation (9), E is given by:
Replacing API by NAPI, and
yields:
Now referring to equation (7), the integration constant can be obtained from the limit as, P → 0, z → E, i.e. when P → 0, (L/P) is characterized by the AMC just prior to the no-rainfall condition. Substituting these, along with E as given by equation (11), into equation (7), the final solution for (L/P) is:
Combining equation (12) with equation (5) leads to:
Equation (13) is the same as the equation (1) proposed by Heggen (2001) , except for the sign of b. The constant a represents a minimum threshold value of soil moisture condition in a watershed, b represents the value of per-unit rainfall that converts to losses, and c is linked to the soil moisture content.
Simplified model
An expansion of the right-hand side of equation (13) leads to:
where n is an integer. For (-bP + cNAPI + a) << 1, equation (14) can be reasonably approximated as: Equation (17) is the transformed rational form of equation (13). Mishra & Singh (1999) analysed the errors between an exponential series and a simple binomial series when the former is replaced by the latter case, for operating variables much less than one. It was shown that the errors between the two series remained below 20% for values of operating variables; here, it is (-bP + cNAPI + a) ≤ 0.932. As the operating variable reduces from 0.932, the error also decreases, and tends to an insignificant value. The characteristic behaviours of equations (13) and (17) showing Q/P as a function of P and the NAPI for an arbitrary value of a, b and c are compared in Fig. 1 . It can be seen that as the NAPI increases, and the coefficients remain unchanged, the increase of (-bP + cNAPI + a) in turn implies a greater effect of the current rainfall event and Q/P also increases. The deviation between the two graphs, represented by equations (13) and (17), increases with the increase in NAPI. In other words, for the same P and NAPI, and the output Q/P of equations (13) and (17) to become alike, the coefficients a, b and c of equation (17) would generally be higher than those of equation (13).
SOIL CONSERVATION SERVICE CURVE NUMBER METHOD
The runoff yield by the Soil Conservation Service Curve Number (SCS-CN) model (SCS, 1985 (SCS, , 1993 Mishra & Singh, 1999 ) is given by:
where S is the maximum potential retention (mm); l is the initial abstraction weight as a fraction of S, normally 0 ≤ l ≤ 0.3, but conventionally 0.2; 25400
Fig . 1 Comparison of characteristic behaviour of equations (13) and (17) 
and 254 in equation (19) are arbitrary constants in units of S; and CN is the curve number [-] . Theoretically, S varies between 0 and for CN ranging from 100 to 0. The value of CN = 100 represents S = 0, i.e. an impermeable watershed. Conversely, CN = 0 represents S = ∞, i.e. an infinitely abstracting watershed.
Substituting S and l = 0.2, equation (18a) yields:
The watershed-specific CN relating to the antecedent moisture condition (AMC) (SCS, 1985; Lewis et al., 2000) is:
where subscripts I, II and III indicate the AMC, being dry, normal and wet, respectively.
Comparison of the proposed model with the SCS-CN model
The SCS-CN model is a well-established model. Any new model is said to be acceptable if its performance supersedes, or at least equals, the responses of a wellestablished model. To evaluate the performance of the proposed model (equation (17)), responses of the SCS-CN model (equation (20)) for a CN II (AMC II) value prescribed in SCS (1985) for different rainfall events on five antecedent days satisfying AMC II are generated. These generated values are error-free and considered as synthetic observed runoff data. For the rainfall events, P, on the antecedent days, and using decay constant k = 0.9, the NAPI is estimated using equation (2). Making use of P, the NAPI and utilizing the synthetic data in equation (17), the model coefficients, a, b and c are estimated using the Marquardt algorithm (Marquardt, 1963) by trial and error. Responses of the estimated a, b and c for different P, and the corresponding NAPI are compared with the generated data. Estimated values of a, b and c correspond to the error-free data for a particular CN II . Field observations may contain errors. Random error, in terms of percentage, is used on standard deviation of the error-free synthetic data, keeping the mean of the data unchanged (Mishra & Jain, 1999) . These random error-based data represent runoff values corresponding to the considered rainfall events and the NAPI. Using these random error-based data, the model coefficients a, b and c are estimated using equation (17) . Different percentages of random error are considered in order to investigate the flexibility of the model. Figure 2 compares the synthetic runoffs by the SCS-CN model for CN II = 50 and 70, and the corresponding simulated runoffs by the proposed model for error-free and 5% and 10% error-based values. They match perfectly and, hence, prove that the proposed model has the same potential as the SCS-CN model. It is pointed out that the SCS-CN model has one parameter, CN, to fit the runoff data, whereas the proposed model has three: in addition to the NAPI, the watershed-specific coefficients can easily be estimated from a particular set of rainfallrunoff data.
FIELD APPLICATIONS
Conservation, development and management of water on a watershed basis, irrespective of the watershed size, has emerged as common practice for optimum utilization of water received from scanty rainfall in arid and semi-arid India, particularly in its western part. For watersheds that are small in size and ungauged, estimation of runoff for the design of: (i) soil and water conservation structures, (ii) small reservoirs and check dams, and (iii) management practices and programmes, is difficult in practice. This calls for a simple, less data-driven model for estimation of runoff. Thus the aim is to derive the model from the gauged watersheds, and extend it to other ungauged watersheds in the region that have identical characteristics.
The proposed model has been applied to three different sized watersheds located in the Kota and Bundi districts of Rajasthan, between 25°36′-25°51′N latitude and 75°15′-75°38′E longitude. The area has a dry, semi-arid climate with average annual rainfall of about 750 mm. About 90% of rain falls between July and September. The average annual actual and potential evapotranspiration are about 482 and 1423 mm, respectively. The other salient features of the watersheds are given in Table 1 . The watersheds are locally known as the agricultural (AG), Bada Khera (BK) and Ravinous (RAV) watersheds. Of the total data sets of rainfall events and observed runoff-73 for the AG watershed, 23 for BK and 42 for RAV-the first 50, 14 and 28 data, respectively, are used for model calibration, and the remainder for validation. The NAPI values corresponding to the P on the antecedent days for each of the watersheds are estimated externally taking k = 0.9. The NAPI and the P remaining unchanged, a, b and c for each watershed are determined using equation (17). The objective in determining a, b and c being to minimize the error between the observed and predicted value of the events, any one of the following error analysing techniques can be chosen: (i) mean error (ME), (ii) mean absolute error (MAE), (iii) root mean square error (RMSE), and (iv) least-squares error (LSE) (Risse et al., 1994; Schwartz & Zhang, 2004 ). The RMSE is preferred when errors are normally distributed. The ME is not normally chosen because large positive and negative values can cancel each other (Schwartz & Zhang, 2004) . The least-squares optimization technique (Jones, 1971; Snyder, 1972) has the potential to estimate parameters for both linear and nonlinear models.
The least-squares optimization by the Marquardt algorithm (Marquardt, 1963) is chosen for the estimation of parameters. Mathematically, the least squares error is defined as:
where X i and Y i are the measured and predicted values of the dependent variable for event i, and n is the total number of events.
The software package, SYSTAT (2006) , that facilitates use of the Marquardt algorithm, has been utilized for the estimation of model parameters. The use of equation (17) requires an initial guess of a, b and c. The initial guess for a can be selected as zero, while b and c need to be of nonzero value, preferably less than 1. With a prescribed terminating value, say, 1.0 × 10 −5 , approx. 10-12 iterations are needed to obtain optimal values of a, b and c. If a, b and c have been correctly estimated, the response of the model for the remaining rainfall events and their corresponding NAPI will reasonably predict the observed runoff values.
To validate the model performance on the remaining data sets, the P values and their corresponding NAPI along with the estimated a, b and c are inserted in equation (17) to predict runoff. values in the F test at 0.01% significance level suggest a closer correlation between the observed and predicted runoff values. Student's t test (Walpole & Myers, 1978 ) is used to evaluate the hypothesis that the slope of the regression line between the observed and predicted runoffs is equal to one, and the intercept equals zero. The results (Table 2) show that, for all the watersheds, none of the slopes differ significantly from unity, nor do the intercepts differ significantly from zero, at the 0.001% significance level. Two evaluation criteria: (i) index of agreement, and (ii) relative bias, are also used to assess the predictability of the proposed model. These criteria give the quantitative statistics of the agreement between the observed and the predicted runoff values. The index of agreement, d, given by Legates & McCabe (1999) is:
where X i is the observed runoff; is the mean observed runoff; Y i is the predicted runoff event; N is the total number of runoff events and i is an integer varying from 1 to N. The value of d varies between 0 and 1, in which 0 indicates no agreement, and 1 perfect agreement.
The relative bias (RB) indicates the amount by which the predicted runoff is larger or smaller than the observed values, and is expressed as:
where RB = 0 indicates the perfect match, RB > 0 indicates bias towards over-prediction, and RB < 0 indicates bias towards under-prediction. A lower value of RB shows a better model performance.
The d and RB determined from the respective data sets (Table 3) reveal that the predicted runoff values are in close agreement with the observed values, except for the AG watersheds, with d being 0.8893 and 0.9587, and RB of -2.69 and -0.59 for the BK and RAV watersheds, respectively. A similar trend is also seen for the pooled data set of all the watersheds. For the AG watershed, which is an agricultural watershed under row crop cultivation, d and RB are found to be 0.8052 and 5.66, respectively.
CONCLUSIONS
The runoff model by Heggen (2001) based on the normalized antecedent precipitation index (NAPI) has been analytically derived from the water balance equation. The model has been simplified to a rational form. The proposed model has three coefficients specific to a watershed, and requires rainfall (P) and a derived parameter NAPI as input variables. The characteristics of the NAPI of the proposed model describe resonance with the curve number (CN) of the SCS model. The model was tested on the data of three watersheds of varying sizes located in the semi-arid region of India. The quantitative statistical measures: the index of agreement (d) and the relative bias (RB), were used to assess the performance of the model applied to the observed data, and were found to be within close agreement. The F test and Student's t test also confirmed the reliability of the model at 0.01 and 0.001% significance levels, respectively.
